We studied equilibrium conformations of trivial-, 3 1 -, and 5 1 -knotted ring polymers together with a linear counterpart over the wide range of segment numbers, N, from 32 up through 2048 using a Monte Carlo simulation to obtain the dependence of the radius of gyration of these simulated polymer chains, R g , on the number of segments, N. The polymer chains treated in this study are composed of beads and bonds placed on a face-centered-cubic lattice respecting the excluded volume. The Flory's critical exponent, ν, for a linear polymer is 1/2 at the θ -temperature, where the excluded volume is screened by the attractive force generated among polymer segments. The trajectories of linear polymers at the θ -condition were confirmed to be described by the Gaussian chain, while the ν values for trivial-, 3 1 -, and 5 1 -knots at the θ -temperature of a linear polymer are larger than that for a linear chain. This ν value increase is due to the constraint of preserving ring topology because the polymer chains dealt with in this study cannot cross themselves even though they are at the θ -condition. The expansion parameter, β, where N-dependence vanishes by the definition, for trivial-, 3 1 -, and 5 1 -knotted ring polymers is obtained at the condition of ν = 1/2. It has been found that β decreases with increasing the degree of the topological constraint in the order of trivial (0.526), 3 1 (0.422), and 5 1 knot (0.354). Since the reference β value for a random knot is 0.5, the trivial ring polymer is swollen at ν = 1/2 and the other knotted ring polymers are squeezed.
I. INTRODUCTION
Ring polymers are interesting molecules for mathematical, [1] [2] [3] [4] [5] [6] [7] [8] simulational, [9] [10] [11] and experimental [12] [13] [14] [15] [16] [17] scientists, because they have no chain ends. The radius of gyration of a polymer molecule, R g , scales with the segment number of the molecule, N, by
where ν is the Flory's exponent. The scaling behavior of polymer chains is classified by their ν value. 18 It is well known that the ν value in Eq. (1) should be 1/2 if trajectories of a linear polymer are described as a random walk, which gives the phantom chain model (PCM). PCM can be successfully applied to linear polymer chains in melt or in θ -solvents. 19, 20 They are treated as if the chain thickness is zero, and hence as if the polymer chains have been allowed to cross each other. In those cases, the excluded volume of linear chains is screened completely and the magnitude of chain conformation entropy is maximum. The ν values for linear polymers in good solvents are known to be approximately 3/5, which were obtained from neutron and light scattering experiments. [21] [22] [23] [24] These experimental results agree well with a) E-mail: jiro.suzuki@kek.jp.
the theoretical studies 2, 25, 26 and the simulations, [27] [28] [29] [30] [31] where trajectories of the linear chains can be described as those of self-avoiding walks (SAW), because these models include excluded volume.
If the conformation of ring polymers is assumed to be a closed-random walk, which can be described using the Gaussian random polygon (GRP), its ν value is 1/2. 11 The chain topology of GRPs cannot be fixed, because they are regarded as phantom chains. If the number of vertexes of the GRPs is infinitely large, GRPs can have any type of topology including trivial-, 3 1 -, and 5 1 -knots, and the number of topologies of GRPs is infinitely large. Figure 1 shows schematic illustrations of architectures of polymer molecules, linear and threetypes of ring polymers.
Des Cloizeaux 1 studied the topological constraint in ring polymers, and concluded that the ν value is larger than or equal to that for linear polymers. By keeping the chain topology constant, Deutsch 32 studied the dimension of trivial ring polymers in a dilute solution by simulation, and obtained 3/5 as an exponent ν, where the chain thickness of the ring polymers was assumed to be zero, while Grosberg 33 confirmed their results theoretically. Dobay et al. 11 and Matsuda et al. 5 reported the properties of GRP using numerical simulations, where many trajectories of GRP were generated. They were classified by topology, i.e., trivial, 3 1 , 5 1 and so on, and their average dimensions were compared. They concluded that random knots have the ν value of 1/2, while a trivial ring molecule gives 0.588. Trivial ring polymers extracted from the conformations of GRPs have the ν value of 0.588 and the incidence for each topology depends on N. Moore and Grosberg 34 reported that the excluded volume effects of polymer chains are analogous to topology-driven swelling of ring polymers, and the validity of this analogy is demonstrated in the large N region, N > 300. The theoretical 33 and simulational predictions 5, 11, 34, 35 cannot be directly compared to the experimental ones, because the topology of ring polymers is not fixed in the procedure of creating rings.
Takano et al. 16, 17 synthesized trivial ring-polystyrenes with a wide molecular weight range of 16k ≤ M ≤ 573k and whose linear contamination was confirmed to be 4% or less. Their apparent θ -temperature, at which ν goes to 1/2, in cyclohexane was shown to be 27.7
• C by light scattering. This temperature is 6.8
• below the θ -temperature of linear polystyrene in cyclohexane. This result agrees with the theoretical predictions 36, 37 and our previous study. 38 Ida et al. 10 obtained the second virial coefficient of semi-flexible ring polymers with Monte Carlo (MC) simulation and explained the θ -temperature depression phenomenon. It is well known that the ν value for linear polymers in melt is 1/2, because excluded volume effects of polymers are screened out completely; they are regarded as ideal chains. Suzuki et al. 39 and Vettorel et al. 40, 41 independently reported that the ν value for trivial ring polymer in melt is 1/3 by Monte Carlo simulation, and the value was confirmed by a self-consistent field treatment. 42 Interpenetration of a ring into its neighboring rings is presumably weaker than that of a linear chain in melt. Both a molecular-dynamics simulation 43, 44 and a mean-field theory 45 have reported that the ν value for a trivial ring polymer in melt is also 1/3.
The aims of this study are (1) to evaluate the ν value for trivial-, 3 1 -, and 5 1 -knotted ring polymers at the θ -temperature of a linear polymer by Monte Carlo simulation, and (2) to obtain the unperturbed dimensions so as to compare N-dependence at large N. 
II. SIMULATION
A simple and an efficient simulation algorithm is required because we wish to obtain chain dimensions of linear, trivial-, and knotted-ring polymers at large N. In a previous paper, 38 polymer chains were placed on a face-centered-cubic (fcc) lattice, and the θ -temperature of trivial ring polymers was compared with that of linear polymers. Dynamics of the beads can be classified into the three types shown in Fig. 2 . Since the motions of beads and bonds are defined on fcc lattice, excluded volume of chains is associated with only bead contact and the trajectories of chains can be described as SAWs or closed SAWs. The simulation algorithm, shown in Fig. 2 , was introduced in a previous study. 38 In this paper, we discuss topological constraints in not only trivial-but also in 3 1 -and 5 1 -knotted ring polymers under θ conditions. Because chain flexibility may be needed to discuss the universality of the topological constraints in the rings, a new movement of chains, as depicted in Fig. 3 , is additionally introduced into the previous simulation algorithm shown in Fig. 2 . We use the Metropolis MC method in obtaining averaged R g values of polymer molecules vs. N for linear, trivial, 3 1 -, and 5 1 -knotted ring polymers in dilute solutions. The simulation algorithm and the simulation parameters, T α and p, are explained in Appendix A. Since only dilute solutions are studied in this paper, linear and the three topological types of ring polymer molecules isolated in a threedimensional lattice are defined.
If temperature, T α , is large enough, p ≈ 1 is obtained from Eq. (A1) in Appendix A, the excluded volume of polymer beads is not screened by the attractive force, and hence polymer chains behave as if they are in a good solvent. In this paper, in the high temperature gives the condition of p ≡ 1. To the contrary, if T α is small, there is a strong attractive force between segments in a polymer molecule, the polymer chains tend to behave as if they are in a poor solvent, and their ν value is 1/3. At an intermediate temperature, the excluded volume of chains is screened by the attractive force, and therefore, the ν value for a linear polymer becomes 1/2 at a certain temperature, θ -temperature.
The ensemble average square of the radius of gyration of a chain, R 2 g , is defined as
where r i and r cm are the position vector of the ith bead in the chain and that of the center of mass of the chain, respectively, according to Eq. (3) Figure 5 shows the variation of R The R g values together with σ from the local-move model are superimposed on those from the translocation model. It is evident that two independent sets of data give the same values as was checked in the previous study. 38 We employ the translocation model as the simulation algorithm in this study. condition. The other molecules were created by regular subdivision of the 32 edge models. The topologies of the ring polymer molecules were not changed during the simulations, even under θ -condition for a linear molecule, because PCM is not employed. The simulations in this study were performed in the wide range of N, 32 ≤ N ≤ 2048, at various temperatures for each topology.
III. RESULTS AND DISCUSSION
The computations in this study were executed on the Central Computing System hosted by High Energy Accelerator Research Organization. Two days were required to complete the data generation for N = 2048 with an Intel Xeon processor for each job. Figure 7 shows the double-logarithmic plots of R 2 g and N for linear, trivial-, 3 1 -, and 5 1 -knotted ring polymers at various temperatures. If we compare these data carefully, R 2 g are decreasing in the order of linear, trivial, 3 1 -, and 5 1 -knotted rings with the same N and temperature, reflecting the difference in topologies among molecules. If temperature, T α , is high enough, the p value in Eq. (A1) is set to be 1.0 at all times, the excluded volume effect is not screened, and the chains behave as if they are in a good solvent. In reality the data, in Fig. 7(a), at high temperature gives 1.187,  1.183, 1.241, and 1.270, respectively, as the slopes, i. e., the 2ν values, for linear, trivial-, 3 1 -, and 5 1 -knotted ring polymers in the large N region, 512 ≤ N ≤ 2048. The ν values at high temperature for linear and trivial rings, which is approximately 0.6, are in good agreement with the values in literatures. 2, 11, [16] [17] [18] [21] [22] [23] The R that the data points cannot be fitted to straight lines over the wide range of N, and the slopes are decreased continuously with increasing N. It must be true that the larger chains exhibit essential topological feature in the present study. Therefore, to evaluate 2ν value as accurately as possible, the data points in the large N region, i.e., 512 ≤ N ≤ 2048 were used, and their 2ν values are shown in Fig. 8 . The θ -temperature for a linear polymer is determined to be T α = 7.614. The radial distribution function of the end-to-end distance of linear polymers at the θ -temperature is discussed in Appendix B.
The ν values for trivial, 3 1 -, and 5 1 -knotted ring polymers decrease with decreasing T α . The trends are the same as those of the linear polymers. 2ν values, thus, evaluated are plotted against T α in Fig. 8 . It is clear that 2ν for the three ring molecules, trivial-, 3 1 , and 5 1 is evidently larger than unity at the θ -temperature of a linear polymer, T α = 7.614. The temperatures at which 2ν goes 1.0 are compared in the annotation of Fig. 8 . 3 1 and 5 1 knots have the similar T α , while a trivial ring molecule gives an intermediate temperature between linear and knot molecules. Figure 9 compares the temperature dependence of the expansion factor β, defined in Eq. (5), for linear, trivial, 3 1 , and 5 1 rings with N = 512, 1024, and 2048
It should be noted that the denominator in Eq. (5) is proportional to N,
since the temperature, T α = 7.614, is the θ -temperature of linear polymers. Therefore, it is natural that the three curves for linear polymers with different chain lengths intersect at the θ -temperature and at β = 1. The slopes of the curves are increased with increasing N, which is the feature of coil-globule transition near θ -temperature. Since the R It is well known that the R 2 g values for random knots are half of those for the unperturbed dimensions of linear polymers, 11, 33 where the trajectories of random knots and linear polymers can be described as a closed-random walk and a random walk, respectively. In this sense, the expansion factor for the random knots, β rk is 1/2, and is a universal value. In this study, we show that β trivial is larger than β rk , and that trivial ring polymer at ν = 1/2 is swollen by preventing a change in the topology of the ring. On the other hand, the β 3 1 and β 5 1 values are both smaller than β rk , meaning that they are squeezed due to their strong topological constraint.
In conclusion, we demonstrate that the ν value for trivial, 3 1 -, and 5 1 -knotted ring polymers are larger than 1/2 at the θ -temperature of a linear polymer. The expansion factor, β, for trivial, 3 1 -, and 5 1 -knotted ring polymers at ν = 1/2 was obtained as the universal value, which is independent of N. From the evaluation of the β values at ν = 1/2, we have demonstrated that a trivial ring is swollen and the knotted rings are squeezed depending on their inherent topological constraint. 
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APPENDIX A: SIMULATION ALGORITHM
The procedure of one MCS of the simulation algorithm is defined as follows: (1) A bead is selected randomly for the transition, which is indicated by orange beads in Fig. 2 and named the targeted bead. (2) The distance between the neighbors of the targeted beads is obtained. (3a) If the distance is 2 or √ 6, a trial position is selected from the lattice points indicated by the blue circles in Fig. 2. (3b) If the distance is √ 2, the type of move is selected from the local moves or the translocation with equal distribution. In the case of local moves, a trial position is selected in the same was as in (3a). In the case of translocation, the trial position is selected with the procedure shown in Fig. 3. (4) If the trial position is occupied by the other bead, this trial is rejected. (5) Probability p is determined according to the MC procedure as
where E is the energy change between initial and trial conformations,
and T α is the important temperature parameter which is associated with absolute temperature, T, as
where k b is the Boltzmann's constant and α is a proportionality factor. (6) One targeted bead is moved to the trial position, and returns to (1) . The numbers of beads contacting the targeted beads at initial and trial conformations are E ini and E tri , respectively, and they are proportional to enthalpic energy thereby generating an attractive force.
APPENDIX B: END-TO-END DISTANCE OF LINEAR POLYMERS AT THE θ -TEMPERATURE
The scatter plots of radial distribution function of end-toend distance r l of linear polymers, W l (N, r l ), were obtained in this study at the θ -temperature. W l (N, r l ) for each N was normalized as
and is shown in Fig. 10 . The values in the scatter plot and their error bar widths obtained from the ensemble average of the 12 simulation jobs are confirmed to be essentially the same as those of the 24 jobs. The trajectory of linear polymer chains at θ -temperature can be described as a random walk, and therefore their radial distribution function of end-to-end distance is represented by the Gaussian, 
where b is the step length of the random walk, i.e., the segment length of polymer chains. The segment length was obtained as b = 1.759 at the large N of N = 2048 by leastsquares fitting method using Eq. (B2). This value is applied to G l (N, b, r l ) in the region of 128 ≤ N ≤ 2048, and the curves are shown in Fig. 10 . The simulation result at the θ -temperature can be fitted well with Eq. (B2). That is, in this simulation, the excluded volume of linear chains is screened completely by the attractive force between beads at the θ -temperature.
